Abstract. Let X be a smooth, compact, oriented 4-manifold. Building upon work of Li-Liu, Ruberman, Nakamura and Konno, we consider a families version of Seiberg-Witten theory and obtain obstructions to the existence of certain group actions on X by diffeomorphisms. The obstructions show that certain group actions on H 2 (X, Z) preserving the intersection form can not be lifted an action of the same group on X by diffeomorphisms. Using our obstructions, we construct numerous examples of group actions which can be realised continuously but can not be realised smoothly for any differentiable structure. For example, we construct compact simply-connected 4-manifolds X and involutions f : H 2 (X, Z) → H 2 (X, Z) such that f can be realised by a continuous involution on X or by a diffeomorphism, but not by an involutive diffeomorphism for any smooth structure on X.
Introduction
The Nielsen realisation problem, solved by Kerckhoff [5] , shows that any finite subgroup G of the mapping class group π 0 (Dif f (M )) of a compact oriented surface M of negative Euler characteristic can be realised by an action of G on M by diffeomorphisms. For an infinite group G, the Miller-Morita-Mumford classes show that in general there are obstructions to lifting a homomorphism G → π 0 (Dif f (M )) to Dif f (M ) [12] . In this paper, we obtain obstructions to the analogous lifting problem for homomorphisms G → π 0 (Dif f + (X)), where X is a compact oriented smooth 4-manifold and Dif f + (X) is the group of orientation preserving diffeomorphisms of X. The oriented mapping class group π 0 (Dif f + (X)) is unfortunately not very well understood. To get something more manageable, consider diffeomorphisms modulo pseudo-isotopy. Let Aut(H 2 (X, Z)) denote the automorphisms of H 2 (X, Z) preserving the intersection pairing. The induced action of Dif f + (X) on H 2 (X, Z) descends through pseudo-isotopy giving a homomorphism φ :π 0 (Dif f + (X)) → Aut(H 2 (X, Z)), whereπ 0 (Dif f + (X)) denotes the group of pseudo-isotopy classes of orientation preserving diffeomorphisms of X. When X is simply-connected, it has been shown by Kreck that the map φ is injective [8] . This motivates us to consider the following realisation problem: let X be a compact oriented smooth 4-manifold, let G be a finitely generated group and ρ : G → Aut(H 2 (X, Z)) a homomorphism. Can ρ be realised by an action of G on X by diffeomorphisms?
We note that the map Dif f + (X) → Aut(H 2 (X, Z)) is in general not surjective, however there are many X for which this is the case [20] . One can also consider the analogous realisation problem for homeomorphisms. To give contrast, let us point out that if X is simply-connected then the map π 0 (Homeo + (X)) → Aut(H 2 (X, Z)) is known to be surjective by Freedman [1] and injective by Quinn [17] . Here π 0 (Homeo + (X)) denotes the group of isotopy classes of orientation preserving homeomorphisms of X.
The simplest type of realisation problem is to take G = Z. A homomorphism ρ : Z → Aut(H 2 (X, Z)) is determined by its value f = ρ(1) ∈ Aut(H 2 (X, Z)) on a generator and the realisation problem just asks whether f can be realised by a diffeomorphism. Obstructions to realising elements of Aut(H 2 (X, Z)) by diffeomorphisms have been obtained from Donaldson theory (eg, [2] ) and Seiberg-Witten theory (eg, [11, 13, 9] ). In this paper we will use Seiberg-Witten theory to obtain obstructions for a variety of different groups. Specifically, we will consider cyclic groups of finite even order Z 2k , free abelian groups Z d and the group Z 2 × Z 2 . However, our methods are more general and can be applied to many other groups.
Our obstructions are obtained by considering a parametrised version of SeibergWitten theory for smooth families of 4-manifolds. The idea of studying SeibergWitten theory in families has been used by a number of authors, eg, [10, 13, 14, 15, 18, 6, 7] . In particular, Nakamura [13, 14] has used families Seiberg-Witten theory to obtain obstructions in the cases G = Z and G = Z 2 . Our obstructions are obtained by similar methods to Nakamura, but are considerably more general. In particular, we are able to relax the condition that the fibrewise tangent bundle of our family of 4-manifolds admits a Spin c -structure, expanding the range of possible applications.
A brief outline our method to obtain obstructions is as follows. Let ρ : G → Aut(H 2 (X, Z)) be given and suppose ρ can be obtained by an action of G on X by diffeomorphisms. Assume that b + (X) > 0 and that we can find a compact manifoldB of dimension d = b + (X) on which G acts freely. We obtain a family X → B of 4-manifolds over B =B/G by taking X = X × GB . We would like to think of B as a finite dimensional substitute for the classifying space BG and X as a finite dimensional substitute for X × G EG. We equip X with a family of metrics {g b } b∈B and generic self-dual 2-forms {µ b } and consider the family of µ-perturbed Seiberg-Witten equations parametrised by B. Let H + (X/B) → B be the vector bundle over B whose fibres over b is the space of harmonic self-dual 2-forms on the corresponding fibres of X → B. By counting the number of reducible solutions to the Seiberg-Witten equations in the family parametrised by B, we are able to deduce, under certain conditions, that the d-th Stiefel-Whitney class of H + (X/B) vanishes. This is stated as Theorem 1.1 below. On the other hand, we can compute the d-th Stiefel-Whitney class of H + (X/B) in terms of the homomorphism ρ : G → Aut(H 2 (X, Z)). This gives an obstruction to realising ρ by an action of X by diffeomorphisms.
Our main theorem, which is used to produce obstructions to smooth group actions, applies more generally to smooth families of 4-manifolds. To state the theorem, let X be a compact, oriented, smooth 4-manifold with b 1 (X) = 0 and b + (X) > 0. Suppose that π : X → B is a smooth fibrewise oriented family with fibres diffeomorphic to X. Let S(X) denote the set of Spin c -structures on X. Then as explained in Section 2.1, the family X → B determines a monodromy action of π 1 (B) on S(X). Now we are ready to state the theorem: Theorem 1.1. Let X be a compact, oriented, smooth 4-manifold with b 1 (X) = 0 and b + (X) > 0. Suppose that π : X → B is a fibrewise oriented family over a compact base of dimension d = b + (X). Let Γ be a monodromy invariant Spin cstructure on X such that c(Γ) 2 > σ(X). Suppose that one of the following holds:
(1) we have c 2 (Γ) − σ(X) = 8 (mod 16), or (2) we have that Γ extends to a Spin c -structure on T (X/B) (we will see this holds for instance if H 3 (B, Z) = 0).
Then the d-th Stiefel-Whitney class of H + (X/B)) vanishes.
At first glance, this theorem may appear to impose only a very mild constraint on smooth families of 4-manifolds. However, we show in subsequent sections of the paper that many interesting obstructions to smooth group actions can be obtained through this result. In Section 7 we consider a number of specific applications and examples. Below we highlight a few such applications. In what follows, E 8 denotes the unique compact simply-connected topological 4-manifold whose intersection form is the E 8 lattice.
with the following properties:
(i) f can be realised by the induced action of a continuous, locally linear involution X → X. (ii) f can be realised by the induced action of a diffeomorphism X → X, where the smooth structure is obtained by viewing X as #(a−3b)(S 2 ×S 2 )#b(K3). (iii) f can not be realised by the induced action of an involutive diffeomorphism X → X for any smooth structure on X. Proposition 1.3. For any odd integer k ≥ 1, let X be the topological 4-manifold
of order 2k which acts as 0 −1 −1 0 on each H summand and acts as a permutation of the −E 8 summands such that each cycle of the permutation has length 2k. Then f has the following properties: (i) f can be realised by a continuous, locally linear action of Z 2k on X.
(ii) f can be realised by the induced action of a diffeomorphism X → X, where the smooth structure is obtained by viewing X as #(a − 3kb)(S 2 × S 2 )#bk(K3). (iii) f can not be realised by a smooth Z 2k -action for any smooth structure on X.
Proposition 1.4. Let X be the topological 4-manifold X = #2CP 2 #11CP 2 . There exists a commuting pair of isometries f 1 , f 2 :
(i) f 1 and f 2 can be realised as diffeomorphisms of X with respect to its standard smooth structure. (ii) For any smooth structure on X, any diffeomorphisms realising f 1 and f 2 do not commute. There exists a commuting pair of involutive isometries φ 1 , φ 2 : H 2 (X, Z) → H 2 (X, Z) with the following properties:
(i) φ 1 , φ 2 , can be realised by a continuous, locally linear Z 2 × Z 2 -action on X.
(ii) Viewing X as the smooth 4-manifold X = #(2a+2b−6c)S 2 ×S 2 #2c(K3)#CP 2 , we have that φ 1 and φ 2 can be realised as smooth involutions on X.
(iii) For any smooth structure on X, we have that φ 1 and φ 2 can not be realised as commuting smooth involutions.
A brief summary of the contents of the paper is as follows. In Section 2 we consider the Seiberg-Witten equations for families of 4-manifolds. We consider in particular in 2.1 the obstructions to finding a Spin c -structure on the vertical tangent bundle of a family of 4-manifolds compatible with a given Spin c -structure on the 4-manifold. In 2.2 we show how the families moduli space can be constructed even in cases where no such Spin c -structure exists. In 2.3 we study the local structure of the families moduli space around reducible solutions, by computing the tangent and obstruction spaces for the Kuranishi model. In 2.4 we prove Theorem 2.10, which serves as the basis for our obstructions to smooth group actions on 4-manifolds. In Sections 3-6, we consider obstructions for the following specific classes of groups, namely Z 2 (3), cyclic groups of even order (4), free abelian groups (5) and Z 2 × Z 2 (6) . Note that the applications of Theorem 2.10 are certainly not limited to just these groups. Finally in Section 7 we consider a number of specific applications and examples of our obstruction results obtained in the previous sections.
Families Seiberg-Witten moduli spaces
Let X be a compact, oriented, smooth 4-manifold. Let π : X → B be a smooth, locally trivial fibre bundle with fibres diffeomorphic to X and with base a smooth compact manifold B of dimension d. For b ∈ B, we write X b for the fibre of X over b. We wish to study the Seiberg-Witten equations for the family of 4-manifolds X parametrised by B. To define the ordinary Seiberg-Witten equations on X requires a metric, a self-dual 2-form perturbation and a Spin c -structure on X. In the families setting we require parametrised versions of these. Let T (X/B) = Ker(π * ) denote the vertical tangent bundle, whose restriction to X b is the usual tangent bundle. A fibrewise metric for the family X/B is a metric g on T (X/B). Similarly a fibrewise self-dual 2-form for X/B is a section µ of ∧ 2 + T (X/B) * . Note that in order to define the bundle ∧ 2 + T (X/B) * of fibrewise self-dual 2-forms it is necessary to assume that X/B is fibrewise oriented. Henceforth we will always assume that our family X/B is equipped with a fibrewise orientation. However the base B is not assumed to be orientable. A fibrewise Spin c -structure for the family X/B is by definition a Spin cstructure on T (X/B). By considering the notion of twisted Spin c -structures, we will see that it is still possible to construct families Seiberg-Witten moduli spaces even when the bundle T (X/B) is not Spin c .
2.1.
Spin c -structures in families. Let S(X) denote the set of Spin c -structures on X compatible with the chosen orientation. A priori this set depends on the choice of metric, but since the space of metrics on X is contractible there is a uniquely determined identification between the Spin c -structures associated to any pair of metrics. As is well known, any smooth oriented 4-manifold has a Spin c -structure and the set S(X) is in a natural way a torsor for the group of complex line bundles on X, which is isomorphic to H 2 (X, Z). We denote the action of a line bundle L on S(X) by Γ → Γ ⊗ L, where Γ ∈ S(X). The orientation preserving diffeomorphisms of X act on S(X) via pullback (and the canonical identification of Spin c -structures for different metrics). Clearly this pullback action is compatible with the H 2 (X, Z)-torsor structure in the sense that if f :
More generally, we say that a bijection φ : S(X) → S(X) is an affine transformation if there exists a group automorphism ψ :
. We call ψ the linear part of φ. In particular, a diffeomorphism f : X → X acts on S(X) as an affine transformation with linear part given by the usual pullback action of f on H 2 (X, Z). Observe also that the action of f on S(X) depends only on f up to isotopy.
Consider again the family π : X → B. The collection of Spin c -structures {S(X b )} b∈B for each b ∈ B forms a flat bundle over B, which we denote by S(X/B) → B. The monodromy of this flat bundle is given by a representation ρ : π 1 (B) → Af f (S(X)) of π 1 (B) on S(X) acting by affine transformations (to obtain the monodromy representation, one chooses a basepoint 0 ∈ B and a diffeomorphism X 0 ∼ = X). Similarly, for any abelian group A, the collection of cohomology groups {H i (X b , A)} b∈B forms a flat bundle over B, namely the local system R i π * A. We observe that that linear part of ρ is the monodromy representation π 1 (B) → Aut(H 2 (X, Z)) corresponding to the local system R 2 π * Z.
Suppose that Γ is a families Spin c -structure on X/B, that is, suppose Γ is a Spin cstructure on T (X/B). The restriction Γ b = Γ| X b of Γ to each fibre X b determines a global section of the bundle S(X/B), which in turn corresponds to a monodromy invariant Spin c -structure Γ ∈ S(X). Thus a necessary condition for the existence of a families Spin c -structure is that there exists a monodromy invariant Spin cstructure on X. The following proposition shows that in certain cases this is also a sufficient condition: Proposition 2.1. Let Γ ∈ S(X) be a monodromy invariant Spin c -structure on X. Suppose that b 1 (X) = 0 and H 3 (B, Z) = 0. Then there exists a families Spin cstructure Γ on X/B whose restriction to X 0 ∼ = X is Γ. If Γ 1 , Γ 2 are two families Spin c -structures on X/B whose restrictions to X 0 agree, then
Proof. First we will show that under the above assumptions, there exists a families Spin c -structure on X/B which does not necessarily restrict to Γ on X 0 . We will then see that it is possible to change this Spin c -structure to one that does restrict to Γ on X 0 .
The obstruction to the existence of a Spin c -structure on T (X/B) is the third integral Stiefel-Whitney class W 3 (T (X/B)) ∈ H 3 (X, Z). Consider the E 2 -page of the Leray-Serre spectral sequence for the cohomology of X with integral coefficients: 
This class is the obstruction to the existence of a Spin c -structure on the restriction of X → B to a 1-skeleton of B. The existence of a monodromy invariant Spin c -structure Γ on X certainly allows us to construct a Spin c -structure on the restriction of the family to a 1-skeleton of B (the monodromy invariance of Γ ensures that each time we attach a 1-cell, Γ can be extended over it). Therefore, the class of W 3 (T (X/B)) in E Let Γ be a Spin c -structure on T (X/B). The fibrewise restriction of Γ determines a monodromy invariant Spin c -structure
From this it follows that L is monodromy invariant as an element of H 2 (X, Z). We will show that there exists a line bundle L on X whose fibrewise restriction is L. In this case, Γ ⊗ L is a Spin c -structure on T (X/B) whose fibrewise restriction is Γ, as required. To show the existence of such a line bundle, we again turn to the Leray-Serre spectral sequence E on the E 3 -page. The second and final obstruction to extending L to a line bundle on X is given by
, which is zero by assumption. Thus L extends to a line bundle on X. The final statement of the proposition also follows easily from the Leray-Serre spectral sequence.
If Γ ∈ S(X) is a monodromy invariant Spin c -structure, then its characteristic class c(Γ) ∈ H 2 (X, Z) is also monodromy invariant. The following proposition gives conditions under which the converse holds:
has no 2-torsion) then there exists a monodromy invariant Spin c structure Γ ∈ S(X) such that c = c(Γ). Any two such Spin c -structures differ by a monodromy invariant line bundle of order 2.
Proof. Since c is a lift of w 2 (T X), there exists a Spin c -structure Γ ′ ∈ S(X) such that c = c(Γ ′ ). In general Γ ′ will fail to be monodromy invariant. However, for each g ∈
In this way, we obtain a map L :
Clearly the cohomology class of this cocycle in
is the obstruction to finding a monodromy invariant lift of c to a Spin c -structure. In particular, if 
2.2.
The families moduli space. Suppose that we have a family X/B equipped with fibrewise metric and perturbation, and that we are given a Spin c -structure on T (X/B). The moduli space of gauge equivalence classes of solutions to the SeibergWitten equations for this family with respect to the given data (metrics, perturbations, Spin c -structure) defines a compact Hausdorff topological space M together with a continuous map M → B. For generic metrics and perturbations the families moduli space is a smooth manifold away from reducible solutions. We will return to this point later, but for the now we do not make any smoothness assumptions on M. Now suppose that we have a family X/B equipped with fibrewise metric and perturbation and suppose that Γ ∈ S(X) is a monodromy invariant Spin c -structure which does not necessarily extend to a Spin c -structure on T (X/B). Let {U α } α∈I be an open cover of B such that for each α ∈ I the restriction X α = π −1 (U α ) of the family to U α is trivial. The monodromy invariant Spin c -structure Γ can be viewed as a section of the bundle S(X/B) of Spin c -structures on each fibre and thus determines a Spin c -structure on each fibre. There is no obstruction to extending this to a Spin c -structure on T (X α /B), the restriction of the vertical tangent bundle over U α . Thus we may construct a families Seiberg-Witten moduli space M α → U α over each U α .
Consider the restriction of the families X α /B, X β /B over π −1 (U α ∩U β ). Since the locally defined Spin c -structures are obtained from a global section Γ : B → S(X/B), it follows that the Spin c -structures on T (X α /B) and T (X β /B) are isomorphic on U α ∩ U β . Let S α → X α denote the spinor bundle associated to the Spin c -structure on T (X α /B). Over U α ∩ U β we obtain an isomorphism of Spin c -structures ϕ αβ : S β → S α . If the isomorphisms {ϕ αβ } satisfy the cocycle condition then the locally defined Spin c -bundles can be patched together to form a globally defined Spin cbundle, giving a Spin c -structure on T (X/B). In general, the ϕ αβ only form a cocycle up to an intertwiner of the Clifford action, that is up to a U (1)-valued function. Stated differently, let Dif f (X, Γ) be the group of orientation preserving diffeomorphisms of X which preserve the isomorphism class of Γ and let Aut(X, Γ) be the group consisting of pairs (f, ϕ), where f ∈ Dif f (X, Γ) and ϕ : f * (S) → S is an isomorphism of Spin c -structures. Then we have a short exact sequence [15, 7] :
The family X → B is constructed from transition functions f αβ valued in Dif f (X, Γ) and the ϕ αβ are a choice of lifts of f αβ to Aut(X, Γ). In general the lifts fail to be a cocycle, and thus on the triple overlap U α ∩U β ∩U γ , there exists a U (1)-valued function g αβγ such that g αβγ = ϕ αβ ϕ βγ ϕ γα . From its definition we have that {g αβγ } is a U (1)-valued cocycle whose cohomology class in
A more geometric point of view is to say that {g αβγ } defines a bundle gerbe on X and that the locally defined spinor bundles {S α } gives a bundle gerbe module. In any case, the isomorphisms ϕ αβ : S β | Uα∩U β → S α | Uα∩U β induce homeomorphisms ϕ αβ : M β | Uα∩U β → M α | Uα∩U β between the corresponding moduli spaces. Moreover, since g αβγ = ϕ αβ ϕ βγ ϕ γα is given by a U (1)-gauge transformation, it follows that the induced homeomorphisms ϕ αβ satisfy the cocycle condition ϕ αβ ϕ βγ ϕ γα = 1. Therefore the collection of local families moduli spaces {M α } patch together to form a well-defined global families moduli space M → B. In summary, in order to construct a families moduli space M → B, it is sufficient to have a monodromy invariant Spin c -structure Γ ∈ S(X). We do not require that Γ extends to a Spin c -structure on T (X/B).
In addition to the families moduli space, it will be necessary to consider a families configuration space and its quotient under the gauge group. First let us recall the unparametrised configuration space. Let (g, µ) be a pair consisting of a metric g on X and a g-self-dual 2-form µ and let Γ ∈ S(X). We define the reduced configuration space B * g,µ (Γ) to be the space of all pairs (A, ϕ) where A is a connection on the determinant line associated to Γ and ϕ is a section of the positive spinor bundle associated to Γ which is not identically zero. The gauge group G = M ap(X, S 1 ) acts freely on B * g,µ (Γ) and we define the reduced configuration space modulo gauge transformations associated to (g, µ) and Γ to be the quotient C * g,µ (Γ) = B * g,µ (Γ)/G. We recall that if b 1 (X) = 0, then C * g,µ (Γ) has the homotopy type of CP ∞ . Recall in this case that there is a naturally defined unitary line bundle L → C * g,µ (Γ) which represents a generator of H 2 (CP ∞ , Z). To see this, let (2.1)
Note that since b 1 (X) = 0, we have that every g ∈ G can be written as g = e if for some f : X → R. It follows that there is a natural split short exact sequence
We now define L as the unitary line bundle associated to the principal circle bundle
We now consider a families version of the above construction. Thus assume we have a family π : X → B equipped with a family (g, µ) of metrics and self-dual 2-forms. Suppose that Γ ∈ S(X) is a monodromy invariant Spin c -structure on X. First, let us suppose that Γ extends to a Spin c -structure on X. Let S + → X be the associated positive spinor bundle of this Spin c -structure. This has the property that the restriction of S + to any fibre X b is the positive spinor bundle of Γ b . We define the families reduced configuration space B * B (Γ) to be the space of all triples (b, A, ϕ), where b ∈ B, A is a connection on the restriction of the determinant line to X b and ϕ is a section of S + | X b which is not identically zero. The gauge group G acts freely on B * B (Γ) and we define the families reduced configuration space modulo gauge transformations C * B (Γ) to be the quotient C * B (Γ) = B * B (Γ)/G (strictly speaking, G is a bundle of groups over B and can be thought of as a groupoid. Then G acts on B * B (Γ) in the sense of groupoid actions).
We have that C * B (Γ) is a locally trivial fibre bundle over B whose fibre over b ∈ B is the reduced configuration space modulo gauge transformations C * g b ,µ b (Γ b ). If b 1 (X) = 0 this is a fibre bundle over B whose fibres have the homotopy type of CP ∞ . In this case, we claim that there is a line bundle L B → C * B (Γ) whose restriction to each fibre of the projection C * B (Γ) → B represents a generator of H 2 (CP ∞ , Z). In fact, this line bundle is constructed in exactly the same way as in the unparametrised case. To construct L B we just need to define for each b ∈ B the subgroup G 0 (X b ) of the gauge group G(X b ) for the fibre X b . We not that since the fibre bundle X → B is fibrewise oriented and equipped with a families metric g = {g b }, we obtain fibrewise volume forms dvol X b ,g b and therefore we can repeat the definition (2.1) in families. Lastly, suppose that Γ ∈ S(X) is a monodromy invariant Spin c -structure which does not necessarily extend to a Spin c -structure on T (X/B). Then we can still define spaces B * Uα (Γ) with respect to some open cover {U α } of B and we can form their quotient spaces C * Uα (Γ). Since we have divided out by gauge transformations, we have that the {C * Uα (Γ)} can be patched together to form a fibre bundle C * B (Γ) → B whose fibre over b ∈ B can be identified with
. However, our construction of the line bundle L B breaks down. Thus we can only assume L B exists if Γ extends to a Spin c -structure on T (X/B).
2.3.
Structure of the moduli space around reducibles. The structure of the families Seiberg-Witten moduli space can be analysed in much the same way as the ordinary Seiberg-Witten moduli space, as in [16, 19] . In proving that the usual Seiberg-Witten invariants are independent of the choice of metric and perturbation, one needs to consider a 1-parameter families version of the Seiberg-Witten moduli space. The same techniques may be applied to the Seiberg-Witten equations parametrised by a smooth manifold B of any dimension. In particular, the same techniques show that for any choice of families metric g = {g b } b∈B and for a generic families perturbation µ = {µ b } b∈B , the families moduli space M(g t , µ t ) → B is smooth away from reducible solutions. Here, generic means a subset of Baire second category with respect to the C ∞ -topology.
Let g = {g b } b∈B be a fibrewise metric on the family X/B. This determines a rank b + (X) orthogonal vector bundle H + (X/B) whose fibre over b ∈ B is H + (X b ), the space of g b -self-dual harmonic 2-forms on X b . This is a sub-bundle of the flat vector bundle H 2 (X/B, R) = R 2 π * R whose fibre over b is H 2 (X b , R). We note that although H + (X/B) depends on the choice of metric g when considered as a subbundle of H 2 (X/B), the underlying vector bundle H + (X/B) is up to isomorphism independent of the choice of metric. This is because H + (X/B) is a maximal positive definite subbundle of H 2 (X/B, R), but the space of all such maximal positive definite subbundles is contractible.
Let µ = {µ b } b∈B be a family of self-dual 2-forms with respect to g, generic in sense described above. The L 2 -orthogonal projection of
. Similarly, the locus of perturbations for which the Seiberg-Witten equations admits a reducible solution defines a section W : B → H + (X/B). We may additionally assume that µ is chosen sufficiently generically so that it intersects the locus W transversally. In the case that
, transversality means that [µ] and W are disjoint.
We will be interested in the case b + (X) = d, where transversality implies that [µ] and W intersect in a finite set of points, provided B is compact. The intersection [µ] ∩ W, counted mod 2 is given by the d-th Stiefel Whitney class 
We will need to examine the structure of the families moduli space around a reducible solution. Suppose b ∈ B is such that [µ b ] intersects the wall W b . For simplicity we will consider the case that b 1 (X) = 0, although this can be relaxed. It follows that there is a unique reducible point (A, 0) of the families moduli space lying over b. The reducible point is given by a connection A on the determinant line bundle of S b and satisfying F + A + iµ b = 0. We would like to describe the Zariski tangent space and obstruction space at (A, 0) in the families moduli space. First consider the deformation complex for the unparameterised Seiberg-Witten equations on X b around the reducible point (A, 0). We work with configurations of class L k+1,p for some integer k ≥ 0 and real number p > 1. Then the deformation complex takes the form:
where 0) denote the cohomology groups of this complex. In particular, H 1 (A, 0) ∼ = Ker(D A ) is the Zariski tangent space at (A, 0) in the unparametrised moduli space and
is the obstruction space at (A, 0) in the unparametrised moduli space.
Next, we consider the deformation complex for the families moduli space around (A, 0). This requires some explanation. Let E → B be the Banach vector bundle over B with fibre over t ∈ B given by E t = L k+1,p (X, iT * X t ⊕ S + t ) and similarly let F → B be the Banach vector bundle over B given by
. Working locally on B if necessary, we can assume that a smooth family of reference connections {A 0,t } have been chosen. We can further suppose that A 0,b = A. Then any L k+1,p -configuration can be written in the form (A 0,t + a, ϕ), where t ∈ B and (a, ϕ) ∈ E t . In this way we identify L k+1,p -configurations for the SeibergWitten equations with elements of E. The Seiberg-Witten equations for the family defines a smooth map SW : E → F . Differentiating at (A, 0) ∈ E b , we get a map dSW b,(A,0) :
) be the composition of dSW b,(A,0) with the projection to F b . Then the deformation complex for the families Seiberg-Witten equations at (A, 0) takes the form: 
We obtain the following exact sequence as part of the associated long exact sequence of cohomology groups:
where the second map is the natural inclusion. Furthermore, if µ is chosen to intersect the wall W transversally, then δ ′ :
Proof. Consider a tangent vector ∂ ∈ T b B. Let γ(t) be a smooth path in B with γ ′ (0) = ∂. We lift this to a pathγ(t) in E passing through (b, (A, 0)) at t = 0. Namely, we chooseγ(t) = (γ(t), (A 0,γ(t) , 0)), where we recall that A 0,t was a choice of a smooth family of reference connections. Thenγ ′ (0) is a tangent vector in T b,(A,0) E lifting ∂. The coboundary map δ : T b B → H 2 (A, 0) is given by applying dSW b,(A,0) toγ ′ (0), followed by the projection T b,(0,0) F b → F b determined by the zero section of F → B and then passing to cohomology. Applying the Seiberg-Witten equations SW : E → F toγ(t) gives the path (γ(t), (π + (t)F A 0,γ(t) + iµ γ(t) , 0)), where π + (t) denotes the projection π + (t) : i ∧ 2 T * X γ(t) → i ∧ 2 + T * X γ(t) to the bundle of g γ(t) -self-dual 2-forms. The fact that the spinor component of this is zero shows that δ factors through H + (X b ) as claimed. To prove the second claim, consider the map t → ρ t ∈ H + (X γ(t) ) given by To prove this result we first pass to the setting of Banach manifolds. Thus we will take an integer k ≥ 0 and a real number p > 4 and consider:
is an affine subspace of L k,p (X, ∧ 2 + T * X) of codimension b + (X), in particular it is a Banach manifold with the induced metric. The tangent space to Z k,p at any
We need the following two results from [19] : Lemma 2.6 (Lemma 8.17 [19] ). Assume p > 4 and
k,p -sections of iR which integrate to zero over X. Then the operator
is onto and has a right inverse. Proposition 2.7 (Proposition 8.16 [19] ). For every p > 4 and k ≥ 0, let
We have that N k+1,p is a smooth paracompact separable Banach manifold. Its tangent space at (A, Φ) is given by
Now let us consider the map f :
Lemma 2.8. The map f is Fredholm. More precisely, for any (A, Φ) ∈ N k+1,p we have
Proof. Let us first note that although the operator D A need not have smooth coefficients, one can use the Sobolev theorems to see that Suppose that df (A,Φ) (α, ϕ) = 0. Then we have
The first two of these equations say that α is harmonic, hence α = 0 as b 1 (X) = 0.
The third equation then reduces to D
A ϕ = 0, giving Ker(df (A,Φ) ) ∼ = Ker(D A ).
Let us regard Coker(D A ) as the cokernel of the map D
Then we define ψ(d + α) to be the image of α·Φ in Coker(D A ). Let j : Im(df (A,Φ) ) → T µ Z k,p be the inclusion map. We claim the following is a short exact sequence:
Clearly j is injective by its definition. Let (α, ϕ) ∈ T (A,Φ) N k+1,p . The by definition of the maps involved, we have ψ(j(df (A,Φ) (α, ϕ))) = iψ(d From this lemma we observe that if (A, Φ) ∈ N k+1,p , then f is a submersion at (A, Φ) if and only if Coker(D A ) = 0. We will make use of this to prove Lemma 2.5.
Proof of Lemma 2.5. Let
reg is non-empty. By the Sard-Smale theorem there exists a regular value µ ∈ Z k,p of the map f : 
reg , which shows that Z reg is non-empty. It is also clear that Z reg is open.
Corollary 2.9. Suppose that π : X → B is a fibrewise oriented family over a compact base of dimension d = b + (X) and fibres diffeomorphic to X. Let Γ ∈ S(X) be a monodromy invariant Spin c -structure such that c(Γ) 2 ≥ σ(X). Then for any choice of families metric g = {g b } we can choose a families perturbation µ = {µ b } with the following properties:
(1) µ intersects W transversally in finitely many points
(2) For i = 1, . . . , N , we have that µ bi ∈ Z reg (g bi , Γ). (3) µ is generic in the sense that every irreducible solution of the families Seiberg-Witten equations parametrised by B has trivial obstruction space.
Proof. As the set of perturbations µ = {µ b } satisfying (3) is dense in the C ∞ -topology, it suffices to show that the set of perturbations µ satisfying (1) and (2) is non-empty and open. Openness is straightforward so it remains to show that there exists a perturbation satisfying (1) and (2) . Choose some initial family of perturbations
Observe for each i that µ ′ bi ∈ Z(g bi , Γ). Notice also that Z(g bi , Γ) is the space of g bi -self-dual 2-forms on X bi whose projection to H (1) we have c 2 (Γ) − σ(X) = 8 (mod 16), or (2) we have that Γ extends to a Spin c -structure on T (X/B) (for instance, if H 3 (B, Z) = 0).
Proof. Let p : M → B be the families moduli space. We assume that µ is chosen to satisfy the conditions (1), (2) and (3) 
Obstructions for actions by involutive diffeomorphisms
Let f : X → X be an orientation preserving diffeomorphism of X with finite order k. Then f generates an action of the finite cyclic group Z k on X by diffeomorphisms. We will use Theorem 2.10 to obtain obstructions to the existence of such actions on X under assumptions on how the group acts on H 2 (X, Z).
In this section we consider the case of involutions (k = 2) and in the following section the case of cyclic groups of even order greater than 2. For involutions we have: Proposition 3.1. Let X be a compact, oriented, smooth 4-manifold with b 1 (X) = 0 and b + (X) > 0. Suppose that f : X → X is an orientation preserving involutive diffeomorphism and suppose that Γ ∈ S(X) is an f -invariant Spin c -structure such that c(Γ) 2 > σ(X). Then for any f -invariant maximal positive definite subspace V ⊆ H 2 (X, R), there is some non-zero v ∈ V with f (v) = v.
Proof. To apply Theorem 2.10, we need a family of dimension d = b + (X). Consider the d-sphere S d and let Z 2 act on S d by the antipodal map. We then take our family to be X = X × Z2 S d and B = S d /Z 2 = RP d with π : X → RP d the obvious projection. We have π 1 (B) = Z 2 and the monodromy action on S(X) and on the cohomology of X is just the action induced by f . Choose a metric g on X. By averaging we can assume g is Z 2 -invariant and thus determines a fibrewise metric on the family X/B. Furthermore, as g is Z 2 -invariant, we have that f acts as an involution on H + (X) g (where the subscript means we take forms which are self-dual with respect to g). Then H + (X/B) is just the induced flat bundle
The mod 2 cohomology ring of c -structure will extend to a Spin c -structure on T (X/B), so we can apply Theorem 2.10. In the case d = 3 it is still true that any f -invariant Spin c -structure on X extends to a Spin c -structure on T (X/B). To see this, one first considers the larger family X ′ = X × Z2 S 4 → RP 4 over RP 4 and then restricts the family to RP 3 ⊂ RP 4 embedded in the standard way. The result now follows from Theorem 2.10.
Obstructions for actions by periodic diffeomorphisms of even order
Let k = 2m be an even integer greater than 2. Suppose that f : X → X is an orientation preserving diffeomorphism of order k. Our obstruction limits the possible actions of f on an f -invariant maximal positive definite subspace of H 2 (X, R). Recall that a real representation of Z k is a direct sum of the following irreducible representations:
• The trivial representation R.
• The sign representation R − , where the generator of Z k acts by −1.
• • Note however that as oriented representations C d ≇ C k−d , as these representations are only isomorphic by an orientation reversing map.
Proposition 4.1. Let X be a compact, oriented, smooth 4-manifold with b 1 (X) = 0 and b + (X) = 2u + 1 odd. Suppose that f : X → X is an orientation preserving diffeomorphism of order k and suppose that Γ ∈ S(X) is an f -invariant Spin cstructure such that c(Γ) 2 > σ(X). Then for any f -invariant maximal positive definite subspace V ⊆ H 2 (X, R), the representation of Z k given by f | V is not of the form
with d i odd and 0 < d i < m for all i. If m is odd (that is, if k = 2 (mod 4)), then more generally the representation of Z k given by f | V is not of the form
with d i odd, 0 < d i < m for all i and where a + b = u.
Proof. As in the proof of Proposition 3.1, we need a family of dimension d = b + (X) = 2u + 1. Consider a lens space L 2u+1 = L(k; 1, . . . , 1) = S 2u+1 /Z k . We take our family to be X = X × Z k S d and B = L 2u+1 , so that π 1 (B) = Z k . Choose a metric g on X. By averaging we can assume g is Z k -invariant. Then f acts on H + (X) g and H + (X/B) is the induced flat bundle
The sign representation R − defines the unique non-trivial real line bundle on L 2u+1 . Therefore the total StiefelWhitney class of E(R − ) is w(E(R − )) = 1 + α. Note that the lens space L 2u+1 is a circle bundle q :
Moreover, one sees via the Gysin sequence for q : L 2u+1 → CP u that the first Chern class of q * O(1) taken mod 2 equals β. It follows that the total Stiefel-Whitney class of 
and in particular
Thus, if d 1 , . . . , d u are all odd then w d (H + (X/B)) = 0. In the case that m is odd then it can be shown that α 2 = β. Therefore if the action of
for all i and where a + b = u, then by a computation similar to the above, we find that w d (H + (X/B)) = 0. Next, we observe that H 3 (L 2u+1 , Z) = 0, except when 2u + 1 = 3. So in all cases where 2u + 1 = 3, an f -invariant Spin c -structure will extend to a Spin c -structure on T (X/B). However, as in the proof of Proposition 3.1, when 2u + 1 = 3, we can embed our family into a larger family given by a higher-dimensional lens space, where it is clear that the Spin c -structure extends. We see that Theorem 2.10 can be applied in all cases and so the result follows.
Obstructions for actions by commuting diffeomorphisms
Let f 1 , . . . , f d : X → X be d commuting orientation preserving diffeomorphisms of X and assume that d = b + (X). Then f 1 , . . . , f d generate an action of the group Z d on X by diffeomorphisms. Since the group Z d is non-compact, we can not assume that X has a Z d -invariant metric. As a replacement, we will need to assume that f 1 , . . . , f d preserve a maximal positive definite subspace V ⊆ H 2 (X, R). Thus V has the structure of a real orthogonal representation of Z d . In order to get a nontrivial obstruction, we are lead to consider only those representations where each f i acts on V with eigenvalues ±1. For such a representation V can be simultaneously diagonalised. That is, there exists a basis in which
for some ǫ Proof. Consider the family π : 
is an exterior algebra over Z 2 in x 1 , . . . , x d . Now one easily sees that if the f i act on V according to Equation 5.1, then [13] which concern non-smoothability of Z and Z 2 -actions on 4-manifolds. However the assumptions placed on X were more restrictive than for those of our proposition.
Obstructions to smooth Z 2 × Z 2 -actions
One can use families Seiberg-Witten theory to obtain an obstruction to smooth actions by a product of finite cyclic groups of even order. For simplicity, we will restrict ourselves to the simple case of Z 2 × Z 2 -actions. Proposition 6.1. Let X be a compact, oriented, smooth 4-manifold with b 1 (X) = 0 and b + (X) > 0. Suppose that f 1 , f 2 : X → X are orientation preserving involutive diffeomorphisms which commute and thus define a Z 2 × Z 2 -action. Suppose that Γ ∈ S(X) is a Spin c -structure which is invariant under f 1 and f 2 which satisfies c(Γ) 2 > σ(X) and c(Γ) 2 − σ = 8 (mod 16). Then for any maximal positive definite subspace V ⊆ H 2 (X, R) preserved by f 1 , f 2 , there is some non-zero v ∈ V with f 1 (v) = f 2 (v) = v.
Proof. If b
+ (X) = 1, then the result follows from Proposition 3.1 applied separately to f 1 and f 2 . Thus assume b
, where the first Z 2 acts on S d1 by the antipodal map and similarly the second Z 2 acts by the antipodal map on S d2 . Consider the family
→ B be the vector bundle associated to V . Our assumptions are such that we may apply Theorem 2.10 to deduce that w d ( V ) = 0. For ǫ 1 , ǫ 2 ∈ {1, −1}, let R ǫ1,ǫ2 be the 1-dimensional real representation of Z 2 × Z 2 = f 1 × f 2 , where f i acts as multiplication by ǫ i . Let R ǫ1,ǫ2 → B be the real line bundle on B associated to R ǫ1,ǫ2 . Note that V can be written as a direct sum of such 1-dimensional representations and thus V is a direct sum of the associated line bundles. Next, observe that H * (B,
, where x, y ∈ H 1 (B, Z 2 ) correspond to the generators of H 1 (RP d1 , Z 2 ) and H 1 (RP d2 , Z 2 ) respectively. Clearly, we have:
Now suppose that V decomposes as:
where p + q + r + s = d. Then V similarly decomposes and thus
In particular, we find that
The statement of the proposition is equivalent to saying p = 0. Suppose on the contrary that p = 0, so that q + r + s = d. We can also assume that q = 0, for if p = q = 0, then f 1 acts as the identity on V and the proposition follows by applying Proposition 3.1 to f 2 . Similarly, we can assume r = 0. Let us choose d 1 = q and d 2 = r + s. Then x q+1 = 0, so we deduce from (6.1) that w d ( V ) = x q y r+s = x d1 y d2 = 0, a contradiction. Hence p = 0, as required.
Some applications
We consider some applications of the obstruction theorems obtained in the previous sections. Many further variations of the examples presented here can be constructed.
be an involutive isometry. Proposition 3.1 can be interpreted as an obstruction to realising f as the map induced by an involutive diffeomorphism of X (note that any such diffeomorphism must be orientation preserving, provided b 2 (X) = 0). For simplicity we consider the case where X is simply connected. Then an f -invariant Spin c -structure is uniquely determined by an f -invariant integral lift c ∈ H 2 (X, Z) of w 2 (T X).
Case (i): X is spin. Then w 2 (T X) = 0 and c = 0 is an invariant integral lift. Suppose in addition that σ(X) < 0. Proposition 3.1 implies the following: Proposition 7.1. Let X be a compact, smooth, simply-connected spin 4-manifold with σ(X) < 0. Let f : H 2 (X, Z) → H 2 (X, Z) be an involutive isometry. If f acts on a maximal positive definite subspace of H 2 (X, R) as −Id, then f can not be realised by an involutive diffeomorphism of X.
As a special case we obtain: Corollary 7.2. Let X be a compact, smooth, simply-connected spin 4-manifold with σ(X) = 0. Then there does not exist an involutive diffeomorphism of X which acts as minus the identity on H 2 (X, Z).
The condition that σ(X) = 0 in the above corollary is necessary, for example the involution on S 2 × S 2 which acts as the antipodal map on each S 2 -factor acts as −Id on H 2 (S 2 × S 2 , Z).
Case (ii): X is not spin. Then the intersection form of X is diagonal. That is, there is an integral basis in which the intersection form is the diagonal matrix diag(1, . . . , 1, −1, . . . , −1) with b + (X) entries equal to 1 and b − (X) entries equal to −1. According to Remark 2.11, in order to obtain non-trivial results we may as well assume σ(X) < c 2 ≤ 0. To obtain a non-existence result via Proposition 3.1, we need to find involutive isometries f :
2 (X, Z) with c = (1, 1, . . . , 1) (mod 2), σ(X) < c 2 ≤ 0 and such that f acts as −Id on some maximal positive definite subspace of H 2 (X, R). Such an isometry can not be realised as an involutive diffeomorphism of X. Suppose e ∈ H 2 (X, Z) satisfies e 2 = 2 and let r e : H 2 (X, Z) → H 2 (X, Z) be the corresponding reflection r e (x) = x − x, e e, then r e is an involutive isometry and r e (e) = −e. Using this, we obtain: Proposition 7.3. Let X be a compact, smooth, simply-connected, non-spin 4-manifold with b + (X) > 0 (so X is homeomorphic to #mCP 2 #nCP 2 for some m, n with m > 0). Suppose that there exists e 1 , . . . , e m ∈ H 2 (X, Z) with e 2 i = 2 for all i and e i , e j = 0 for all i = j. Suppose there is also a characteristic c ∈ H 2 (X, Z) with σ(X) < c 2 ≤ 0 such that c, e i = 0. Then there does not exist an involutive diffeomorphism of X which acts on H 2 (X, Z) as the product of reflections r e1 r e2 · · · r em .
Proof. Let f = r e1 r e2 · · · f em . Then f is an involutive isometry and acts as −Id on the maximal positive definite subspace spanned by e 1 , . . . , e m . Moreover f (c) = c and c 2 > σ. Thus by Proposition 3.1 we see that f can not be realised by an involutive diffeomorphism of X. e 2 = (6, 1; 1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 1).
We conclude that for any smooth structure on X, there is no differentiable involution inducing r e1 r e2 on H 2 (X, Z).
Example 7.5. Another method to construct involutions which can not be realised by diffeomorphisms is as follows: Let P, Q be positive definite unimodular symmetric bilinear forms of positive rank. Suppose that P is even and Q is odd. Then P ⊕ (−Q) is an odd indefinite unimodular symmetric bilinear form, so must be isomorphic to m(1) ⊕ n(−1), where m = rk(P ), n = rk(Q). In particular, P ⊕ (−Q) involution on H 2 (X, Z). Then (i) holds by our construction of f . The connected sum decomposition of X gives an identification H 2 (X, Z) = aH ⊕ 2b(−E 8 ), where we define H to be the intersection form of S 2 × S 2 . By construction of ι, f acts as −Id on aH and swaps pairs of copies of −E 8 . If a > 3b then X admits at least one smooth structure since we can view X as #(a − 3b)(S 2 × S 2 )#b(K3). Moreover if a > 3b and b ≥ 1, then with respect to this smooth structure X is of the form X = (S 2 × S 2 )#N , where N is a smooth simply-connected compact 4-manifold with indefinite intersection form. By a theorem of Wall [20, Theorem 2] , every isometry of H 2 (X, Z) is realised by a diffeomorphism. In particular f is realised by some diffeomorphism of X, which proves (ii). Part (iii) follows from our obstruction theorem for involutive diffeomorphisms, or more specifically, Proposition 7.1. 7.2. Z 2k -actions. Let k ≥ 2 be an integer. We consider Z 2k -actions on 4-manifolds.
Proposition 7.7. Let X be the topological 4-manifold X = #a(S 2 ×S 2 )#2kb(−E 8 ) where a > 3kb, b ≥ 1 and suppose that a and k are odd. Then
be an isometry of order 2k which acts as 0 −1 −1 0 on each H summand and acts as a permutation of the −E 8 summands such that each cycle of the permutation has length 2k. Then f has the following properties:
(i) f can be realised by a continuous, locally linear action of Z 2k on X.
Proof. We will construct the desired 4-manifold X, which is illustrated in Figure  2 . First of all we consider two different Z 2k -actions on S 2 × S 2 . Then we take an equivariant connected sum #a(S 2 × S 2 ), where the Z 2k -action on each S 2 × S 2 factor alternates between the two types. Finally we attach to this 2kb copies of −E 8 .
We now describe the two different Z 2k -actions on S 2 × S 2 . We will denote the generators of these two actions by ι 1 and ι 2 .
Construction of ι 1 : let r, s : R 2 → R 2 be a pair of reflections generating the dihedral group of order 2k. So r 2 = s 2 = 1 and (sr) k = 1. Let r, s act on the unit sphere S 2 ⊂ R 3 by r(x, y, z) = (r(x, y), z), s(x, y, z) = (s(x, y), z). The two fixed points of this action on S 2 are u = (0, 0, 1) and v = (0, 0, −1). Now define the diffeomorphism ι 1 : S 2 × S 2 → S 2 × S 2 to be given by ι 1 (x, y) = (r(y), s(x)). Clearly ι 1 generates a Z 2k -action on S 2 × S 2 . We see that ι 1 has precisely two fixed points, which are (u, u) and (v, v). We obtain induced actions of Z 2k on the tangent spaces T (u,u) (S 2 × S 2 ) and T (v,v) (S 2 × S 2 ) of the fixed points. By a direct calculation one finds, as oriented representations of Z 2k , that:
We note that the action of
Construction of ι 2 : let ϕ : R 2 → R 2 be a rotation of order 2k. We let ϕ act on the unit sphere S 2 ⊂ R 3 by ϕ(x, y, z) = (ϕ(x, y), z). Let α : S 2 × S 2 be the antipodal map and note that α commutes with ϕ. We let ι 2 : S 2 × S 2 be given by ι 2 (x, y) = (ϕαy, ϕαx). Then ι 2 has two fixed points, which are (u, v) and (v, u). A short calculation shows that, as oriented representations of Z 2k , we have: structure on X, proving (ii). On the other hand, f 1 and f 2 can each be realised by diffeomorphisms with respect to the standard smooth structure on X by Wall's theorem [20, Theorem 2] , proving (i).
Remark 7.10. A similar type of non-smoothability result for Z 2 -actions was obtained for the connected sum of an Enriques surface with S 2 × S 2 by Nakamura [15] . (i) φ 1 , φ 2 , can be realised by a continuous, locally linear Z 2 × Z 2 -action on X.
Proof. We first construct X as a topological 4-manifold with a continuous Z 2 × Z 2 -action, as illustrated in Figure 3 . We start with CP 2 equipped with the following homologically trivial Z 2 × Z 2 -action: , it is clear that we now obtain a Z 2 × Z 2 -action on #2a(S 2 × S 2 )#CP 2 , where f 2 exchanges the two copies of #a(S 2 × S 2 ). Similarly, we connect sum #b(S 2 × S 2 ) to the point [0, 1, 0] in a Z 2 = f 1 -equivariant manner and also attach #b(S 2 × S 2 ) to [0, −1, 0] f 1 -equivariantly. In this way, we have obtained a Z 2 × Z 2 -action on X ′ = #(2a + 2b)S 2 × S 2 #CP 2 , where f 2 exchanges the two copies of #a(S 2 × S 2 ) and f 1 exchanges the two copies of #b(S 2 × S 2 ).
Let x be any point in X ′ in which the orbit has size 4 and attach a copy of −E 8 to each of these four points. Repeating this c times, we get a continuous Z 2 × Z 2 -action on X = X ′ #4c(−E 8 ). If a, b ≥ 3c then X is clearly smoothable, so from Freedman's classification of compact simply-connected topological 4-manifolds, we have X = #2(a + b)CP 2 #(2a + 2b + 32c + 1)CP 2 . Let φ 1 , φ 2 : H 2 (XZ) → H 2 (X, Z) be the isometries of H 2 (X, Z) induced by the involutions f 1 , f 2 : X → X. Then (i) holds by construction. Let c = 3 ∈ Z = H 2 (CP 2 , Z). Then we can regard c as an element of H 2 (X, Z) and we have that c is a characteristic and that c 2 = −9. It For each copy of (S 2 × S 2 ) we attached to CP 2 , consider the 1-dimensional subspace of H 2 (X, R) spanned by the Poincaŕe dual of the diagonal embedding S 2 → S 2 ×S 2 . The direct sum V of these 1-dimensional spaces is a maximal positive definite subspace of H 2 (X, R) preserved by φ 1 and φ 2 . A simple calculation shows that (in the notation used in the proof of Proposition 6.1):
In particular, there are no R 1,1 summands. Therefore, Proposition 6.1 implies that the Z 2 ×Z 2 -action on H 2 (X, Z) generated by φ 1 , φ 2 can not be realised by a smooth Z 2 × Z 2 -action, for any smooth structure on X, proving (iii).
To complete the proof it remains to show (ii). Let us view X as the smooth 4-manifold X = #(2a + 2b − 6c)S 2 × S 2 #2c(K3)#CP 2 . We will show that φ 1 can be realised by a smooth involution. A similar argument applies for φ 2 . First, start with CP 2 with the same action of f 1 as before, i.e. . Lastly, f 1 -equivariantly attach c pairs of copies of K3, to obtain a smooth f 1 = Z 2 -action on #(2a + 2b − 6c)S 2 × S 2 #2c(K3)#CP 2 = X. It is not hard to see that this construction is such that the induced action of this involution on H 2 (X, Z) agrees with φ 1 .
Remark 7.12. A similar type of non-smoothability result for Z 2 × Z 2 -actions on X = #(2l 1 + 2l 2 + 1 − 6k)S 2 × S 2 #2k(K3), l 1 , l 2 ≥ 3k, k ≥ 1 was obtained in [4] . It is interesting to note that [4] does not use families Seiberg-Witten theory and instead obtains the result using an equivariant version of Furuta's 10/8-inequality [3] .
